Determination of the pion distribution amplitude by Huang, Tao et al.
ar
X
iv
:1
30
5.
73
91
v2
  [
he
p-
ph
]  
9 A
ug
 20
13
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Right now, we have not enough knowledge to determine the hadron distribution amplitudes
(DAs) which are universal physical quantities in the high energy processes involving hadron for
applying pQCD to exclusive processes. Even for the simplest pion, one can’t discriminate from
different DA models. Inversely, one expects that processes involving pion can in principle provide
strong constraints on the pion DA. For example, the pion-photon transition form factor (TFF) can
get accurate information of the pion wave function or DA, due to the single pion in this process.
However, the data from Belle and BABAR have a big difference on TFF in high Q2 regions, at
present, they are helpless for determining the pion DA. At the present paper, we think it is still
possible to determine the pion DA as long as we perform a combined analysis of the most existing
data of the processes involving pion such as pi → µν¯, pi0 → γγ, B → pilν, D → pilν, and etc. Based
on the revised light-cone harmonic oscillator model, a convenient DA model has been suggested,
whose parameter B which dominates its longitudinal behavior for φpi(x, µ
2) can be determined in
a definite range by those processes. A light-cone sum rule analysis of the semi-leptonic processes
B → pilν and D → pilν leads to a narrow region B = [0.01, 0.14], which indicate a slight deviation
from the asymptotic DA. Then, one can predict the behavior of the pion-photon TFF in high Q2
regions which can be tested in the future experiments. Following this way it provides the possibility
that the pion DA will be determined by a global fit finally.
PACS numbers: 12.38.-t, 14.40.Be, 12.38.Bx
I. INTRODUCTION
In the perturbative QCD (pQCD) theory, the distri-
bution amplitude (DA) provides the underlying links be-
tween the hadronic phenomena in QCD at the large dis-
tance (nonperturbative) and the small distance (pertur-
bative). The pion DA is an important element for apply-
ing pQCD calculation to the exclusive processes in the
high energy processes involving pion, and inversely, all
of them can in principle provide strong constraints on
the pion DA. The pion DA is usually arranged according
to its different twist structures. There are processes in
which the contributions from the higher twists are highly
power suppressed at the short distance. For example, it
has been found that the contribution to the pion-photon
transition form factor (TFF) from higher helicity and
higher twist structures is negligible [1, 2]. Thus, those
processes will provide good platforms to learn the prop-
erties of the leading-twist pion DA. It is well-known that
the leading-twist DA has the definite asymptotic form,
φaspi (x, µ
2)|µ2→∞ = 6x(1−x), which is independent to its
shape around some initial scale µ0 ∼ O(1GeV ). How-
ever, in practical calculation, it is important to know
what is the right shape of the pion DA at low and mod-
erate scales.
The pion leading-twist DA at any scale µ can be ex-
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panded in Gegenbauer series in the following form [3, 4]
φpi(x, µ
2) = 6x(1 − x)
∞∑
n=0
an(µ
2)C3/2n (2x− 1), (1)
where C
3/2
n (2x− 1) are Gegenbauer polynomials and the
nonperturbative coefficients an(µ
2) are Gegenbauer mo-
ments. Due to the isospin-symmetry, only the even mo-
ments are non-zero. Usually the Gegenbauer series is
convergent, one can adopt the first several terms to ana-
lyze the experimental data. If the shape of the pion DA
at an initial scale µ0 is known, then
• by using the orthogonality relations for the
Gegenbauer polynomials, the Gegenbauer moments
an(µ
2
0) can be obtained via the equation,
an(µ
2
0) =
∫ 1
0 dx φpi(x, µ
2
0)C
3/2
n (2x− 1)∫ 1
0
dx 6x(1− x)[C3/2n (2x− 1)]2
. (2)
• by using the QCD evolution equation [5], one
can derive the pion DA at any other scale from
φpi(x, µ
2
0).
The value of the Gegenbauer moments have been stud-
ied by using the non-perturbative approaches as the QCD
sum rules [6, 7] or the lattice QCD [8]. However, at
present, there is no definite conclusion on whether the
pion DA φpi(x, µ
2
0) is asymptotic form [5] or CZ-form [9]
or even flat-like [10]. It would be helpful to have a general
pion DA model that can mimic all the DA behaviors sug-
gested in the literature. For this purpose, one can first
2construct a wavefunction (WF) model, since the pion DA
is related to its WF Ψpi(x,k⊥) via the following relation,
φpi(x, µ
2
0) =
2
√
6
fpi
∫
|k⊥|2≤µ20
d2k⊥
16pi3
Ψpi(x,k⊥), (3)
where fpi is the pion decay constant. It is noted that a
proper way of constructing the pion WF/DA is also very
important to derive a better end-point behavior at small
x and k⊥ region for dealing with high energy processes
within the kT -factorization approach [11], and thus to
provide a better estimation for the pion photon TFF,
pion electromagnetic form factor, and etc.
The revised light-cone harmonic oscillator model for
the pion leading-twist WF, and hence the model for the
leading-twist DA, has been suggested in Refs.[12–14]. It
has been found that by a proper change of the pion DA
parameters, one can conveniently simulate the shape of
the DA from asymptotic-like to CZ-like. By compar-
ing the theoretical estimations on the pionic processes
with the corresponding experimental data, those unde-
termined parameters of the DA model can be fixed or
at least be greatly restricted. This is the purpose of the
present paper.
More explicitly, we shall make a combined analysis of
the pion DA by using the pion decay channels pi0 → γγ
and pi → µν¯, the pion-photon TFF Fpiγ(Q2), the semi-
leptonic decays B → pilν and D → pilν, and the exclusive
process B0 → pi0pi0. For example, the pion-photon TFF
Fpiγ(Q
2) that relates pion with two photons provides the
simplest example for the perturbative application to ex-
clusive processes. In the lower energy region the data
on the pion-photon TFF measured by CELLO, CLEO,
BABAR and Belle are consistent with each other [15–18],
so these data can be adopted for constraining the WF
parameters. Based on the present DA model, the model
parameter B for φpi(x, µ
2) can be determined, then one
can predict the behavior of the pion-photon TFF in high
Q2 regions which can be tested in the future experiments.
The remaining parts of the paper is organized as fol-
lows. In Sec.II, we give a brief review on the pion leading-
twist WF/DA, properties of DA have also been presented
there. In Sec.III, we show how DA parameters can be
constrained, and present a detailed derivation of the pa-
rameter B by using the B/D → pi transition form factors
within the light-cone sum rule (LCSR). A discussion on
the pion-photon TFF and B0 → pi0pi0 process is pre-
sented in Sec.V. The final section is reserved for a sum-
mary.
II. A BRIEF REVIEW ON THE PION
LEADING-TWIST WF/DA
One useful way for modeling the hadronic valence WF
is to use the approximate bound state solution of a
hadron in terms of the quark model as the starting point.
The Brodsky-Huang-Lepage (BHL) prescription [19] of
the hadronic WF is rightly obtained in this way by con-
necting the equal-time WF in the rest frame and the WF
in the infinite momentum frame. Based on this prescrip-
tion, the revised light-cone harmonic oscillator model of
the pion leading-twist WF has suggested in Refs.[12, 13],
which shows
Ψpi(x,k⊥) =
∑
λ1λ2
χλ1λ2(x,k⊥)ΨRpi (x,k⊥), (4)
where χλ1λ2(x,k⊥) stands for the spin-space WF, λ1
and λ2 being the helicity states of the two consti-
tute quarks in pion. The χλ1λ2(x,k⊥) comes from the
Wigner-Melosh rotation whose explicit form can be found
in Refs.[20, 21]. ΨRpi (x,k⊥) indicates the spatial WF,
which can be divided into a k⊥-dependent part and a
x-dependent part. For the k⊥-dependent part, Brodsky-
Huang-Lepage suggests that there is possible connection
between the rest frame WF Ψc.m(q) and the light-cone
WF ΨLC(x,k⊥) [19]:
Ψc.m.(q
2)←→ ΨLC
[
k2⊥ +m
2
q
4x(1 − x) −m
2
q
]
, (5)
where mq stands for the mass of the constitute quarks.
From an approximate bound-state solution in the quark
models for pion, the WF of the harmonic oscillator model
in the rest frame can be obtained [22]. Thus, for the k⊥-
dependent part of spatial WF ΨRpi (x,k⊥), we have:
ΨRpi (x,k⊥) ∝ exp
[
− k
2
⊥ +m
2
q
8β2x(1− x)
]
. (6)
For the x-dependent part of ΨRpi (x,k⊥), we take ϕpi(x) =
[1+B×C3/22 (2x− 1)], which dominates the longitudinal
distribution broadness of the WF and can be expanded
in the Gegenbauer polynomials. Here we only keep the
first two terms in ϕpi(x), in which the parameter B ∼ a2
can be regarded as an effective parameter to determine
the broadness of the longitudinal part of the WF.
As a combination, the explicit form of the spatial WF
can be obtained:
ΨRpi (x,k⊥) = Aϕpi(x) exp
[
− k
2
⊥ +m
2
q
8β2x(1 − x)
]
, (7)
where A is the normalization constant. After integra-
tion over the transverse momentum dependence, one can
obtain the pion DA with the help of Eq.(3),
3φpi(x, µ
2
0) =
√
3Amqβ
2pi3/2fpi
√
x(1 − x)ϕpi(x) ×

Erf


√
m2q + µ
2
0
8β2x(1 − x)

− Erf


√
m2q
8β2x(1 − x)



 , (8)
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FIG. 1: The pion DA model φpi(x,µ
2
0) defined in Eq.(8) ver-
sus the parameter B [12]. By varying B from 0.00 to 0.60,
φpi(x,µ
2
0) changes from asymptotic-like to CZ-like.
where Erf(x) = 2√
pi
∫ x
0
e−t
2
dt.
Except for the constitute quark massmq, which can be
taken as the conventional value about 0.30GeV, there are
three undetermined parameters, A, β and B, in the above
model. Two important constraints have been found in
Ref.[19] to constrain those parameters: (1) the process
pi → µν¯ provides the WF normalization condition∫ 1
0
dx
∫
d2k⊥
16pi3
Ψpi(x,k⊥) =
fpi
2
√
6
; (9)
(2) the sum rule derived from pi0 → γγ decay amplitude
implies,
∫ 1
0
dxΨpi(x,k⊥ = 0) =
√
6
fpi
. (10)
In addition to these two basic constraints, one needs
other processes involving pion to further constrain the
parameters, especially to determine the value of the pa-
rameter B. We put the DAs for B = 0.00, 0.30 and
0.60 in Fig.(1), where as a comparison, the asymptotic
DA and CZ-DA have also been present. When the value
of B changes from 0.00 to 0.60, together with the con-
straints (9) and (10), the pion DA model can mimic the
DA shapes from asymptotic-like to CZ-like:
• The second moments a2 varies from 0.03 to 0.68;
• The first inverse moments of the pion DA at energy
scale µ0,
∫ 1
0
[
φpi(x, µ
2
0)/x
]
dx, varies from 3.0 to 5.0.
Thus, if we have precise measurements for certain pro-
cesses, then by comparing the theoretical estimations de-
rived under the DA model (8), one can conveniently fix
the pion DA behavior.
TABLE I: Typical pion WF parameters with mq = 0.30 GeV
and µ0 = 1 GeV. The second and fourth Gegenbauer moments
are also presented.
B A(GeV−1) β(GeV) a2(µ
2
0) a4(µ
2
0)
−0.60 36.03 0.456 −0.523 0.051
−0.30 30.43 0.514 −0.279 0.000
0.00 24.80 0.589 0.028 −0.027
0.30 20.05 0.672 0.364 −0.017
0.60 16.46 0.749 0.681 0.022
We put the WF parameters for several typical B in
Table I, where the region of the parameterB is broadened
to be [−0.60, 0.60]. The value of B is close to the second
Gegenbauer moment, B ∼ a2, and because of the fact
that the longitudinal distribution is dominated by the
second Gegenbauer moment, cf.Refs.[5, 9, 23–26], thus
the parameter B dominantly determines the broadness
of the longitudinal part of the wave function.
The parameters listed in Table I are for µ0 = 1 GeV.
They can be run to any other scales by applying the
evolution equation, i.e. to order O(αs), we have [5]
x1x2
∂φ˜pi(xi, µ
2)
∂ lnµ2
= CF
αs(µ
2)
4pi
{∫ 1
0
[dy]V (xi, yi)φ˜pi(yi, µ
2)− x1x2φ˜pi(xi, µ2)
}
, (11)
4where [dy] = dy1dy2δ(1− y1 − y2), φpi(xi, µ2) = x1x2φ˜pi(xi, µ2) and
V (xi, yi) = 2
[
x1y2θ(y1 − x1)
(
δh1h¯2 +
∆
(y1 − x1)
)
+ (1↔ 2)
]
.
The θ function is the usual step function, the color factor
CF = 4/3, δh1h¯2 = 1 when the q and q¯ helicities are
opposite, and ∆φ˜pi(yi, µ
2) = φ˜pi(yi, µ
2)− φ˜pi(xi, µ2).
Practically, the above evolution (11) can be solved by
using the DA Gegenbauer expansion (1), which trans-
forms the DA scale dependence to the determination of
the scale dependent of the Gegenbauer moments [3, 4].
More explicitly, the explicit expression for an(µ
2) to
leading-logarithmic (LL) accuracy can be written as [27]:
an(µ
2) = an(µ
2
0)
(
αs(µ
2)
αs(µ20)
)γn/β0
, (12)
where the anomalous dimensions
γn = CF
(
1− 2
(n+ 1)(n+ 2)
+ 4
n+1∑
m=2
1
m
)
(13)
with β0 = (11Nc − 2Nf )/3. Usually, one truncates the
Gegenbauer expansion with the first several terms (n =
0, 2, 4, 6 respectively) to derive the DA behavior at the
high energy scales.
In this paper we solve the evolution equation (11)
strictly to get the DA’s behavior at the higher energy
scale. It is noted that if the Gegenbauer expansion con-
verges quickly, these two evolution methods (11) and (12)
are equivalent to each other. The solution of the evolu-
tion equation (11) can be done numerically. Here we
suggest an equivalent but simpler and more effective way
to get the DA after evolution, i.e. we transform the whole
scale dependence of φpi(x, µ
2
0) into the scale dependence
of the undetermined parametersA, B and β. The valence
quark mass mq is scale independent and we keep it to be
0.30 GeV. Its main idea is to take the second Gegenbauer
moment a2(µ
2) as a ligament between the DA and the
DA parameters. Firstly, from the initial DA φpi(x, µ
2
0)
with known A, B and β at the initial µ0, we derive its
second Gegenbauer moment a2(µ
2
0) via Eq.(2), and get
its value at any scale µ by using the evolution equation
(12). Secondly, we use the value of a2(µ
2) together with
the two constraints (9) and (10) to determine the values
of A, β and B at the scale µ. We put the parameters A,
B and β at three typical scales µ = 1, 1.5 and 3 GeV in
Table II. From the table, one observes that the value of A
increases and the value of β decreases with the increment
of the scale.
III. DETERMINATION OF DA FROM B/D → pi
TRANSITION FORM FACTORS
The semi-leptonic B-meson decay B → pilν is usually
used to extract the CKMmatrix element |Vub|, whose dif-
ferential cross section for massless leptons can be written
as
dΓ
dq2
(B → pilν) = C
2
F |Vub|2
192pi3m3B
[
(q2 +m2B −m2pi)2 − 4m2Bm2pi
]3/2 |fB→pi+ (q2)|2, (14)
where the momentum transfer q = pB − ppi. The
TFF fB→pi+ is the key factor of the process, which has
been deeply investigated by using several approaches,
such as the pQCD approach [28, 29], the QCD LCSR
approach [23–25, 27, 30–36] and the lattice QCD ap-
proach [37, 38]. Different approaches are applicable for
different energy regions. Among them, the QCD LCSR
is reliable for the intermediate energy region, which can
be extended to the whole physical region with proper
extrapolation. So this approach is usually adopted for
a detailed analysis in comparison with the experimental
data.
Under LCSR, the expression for fB→pi+ depends on how
one chooses the correlator [39]: different choice of the cur-
rents in the correlation function shall result in different
expressions, in which, the pionic different twist structures
provide different contributions. Here we adopt the chiral
correlator suggested in Ref.[31] to do our discussion, in
which the leading-twist DA’s contribution have been am-
plified and it provides us a better chance to know the de-
tail of the leading-twist DA in comparison with data. By
using the chiral correlator, up to twist-4, the form factor
fB→pi+ (0) at the large recoil region can be obtained [35],
5TABLE II: Typical pion WF parameters for mq = 0.30 GeV at several typical energy scales, µ = 1, 1.5, 3GeV, respectively.
A(GeV−1)
µ = 1GeV
B β(GeV) A(GeV−1)
µ = 1.5GeV
B β(GeV) A(GeV−1)
µ = 3GeV
B β(GeV)
24.63 0.01 0.592 24.99 0.037 0.560 25.11 0.033 0.556
23.93 0.05 0.603 24.40 0.073 0.567 24.63 0.062 0.562
23.09 0.10 0.617 23.67 0.118 0.577 24.05 0.099 0.570
22.44 0.14 0.628 23.11 0.154 0.585 23.59 0.128 0.576
22.28 0.15 0.631 22.97 0.163 0.587 23.48 0.135 0.578
21.50 0.20 0.645 22.30 0.208 0.597 22.93 0.171 0.585
20.76 0.25 0.658 21.65 0.252 0.607 22.39 0.207 0.593
20.05 0.30 0.672 21.03 0.296 0.617 21.88 0.242 0.601
19.37 0.35 0.686 20.43 0.340 0.626 21.38 0.277 0.608
18.72 0.40 0.699 19.87 0.383 0.636 20.90 0.311 0.616
18.47 0.42 0.704 19.65 0.400 0.640 20.72 0.325 0.618
fBf
B→pi
+ (0)e
−m
2
B
M2 = − m
2
bfpi
2pim2B
∫ sB0
m2
b
dse−
s
M2
1
s
∫ s/m2
b
0
dη ImT
(
m2b
s
η,
s
m2b
, µ
)
φpi
(
m2b
s
η, µ
)
+
fpi
m2B
∫ 1
u0
due−
m
2
b
uM2
[
−u
4
d2φ4pi(u)
du2
+ uψ4pi(u) +
∫ u
0
dvψ4pi(v)− d
du
I4pi(u)
]
, (15)
where fB, mB, M
2, mb and s
B
0 indicate the B meson
decay constant, the B meson mass, the Borel parame-
ter, the b quark mass and the effective threshold param-
eter, respectively. The parameter u0 = m
2
b/s
B
0 . The
functions φ4pi and ψ4pi are pion two-particle twist-4 DAs.
I4pi is a combination of pion three-particle twist-4 DAs.
The hard scattering amplitude ImT
(
ηm2b/s, s/m
2
b, µ
)
in-
volves the LO and NLO parts. The scale of the process
µ =
√
m2B −m2b ≃ 3 GeV.
Furthermore, the semileptonic D-meson decay D →
pilν can also be used to extract the CKM matrix ele-
ment Vcd if we know the D → pi TFF fD→pi+ well. The
TFF fD→pi+ has been studied in Refs.[35, 40, 41]. Re-
placing all the B meson parameters in (15) by those
of D meson, we can obtain the LCSR expression for
fD→pi+ (0). For example, the scale for f
B→pi
+ now equals
to µ =
√
m2D −m2c ≃ 1.5 GeV.
Using the formula (15), we obtain that the contribu-
tions from pion twist-4 DAs terms are less than 1% for
fB→pi+ (0) and less than 5% for f
D→pi
+ (0). Thus this pro-
vides a good platform to study the properties of the pion
leading-twist DA. In Ref.[39], the authors have made use
of this platform to determine the DA parameter B with
experimental data of fB→pi+ |Vub| by taking the input pa-
rameters as same as in Ref.[35]. At the present section,
we update the analysis there by using the input param-
eters to be those given by the Particle Data Group [42],
and simultaneously we make use of fD+f
D→pi
+ (0) as a
further constrain to determine the pion DA parameters.
The input parameters are listed in the following. The
MS-running b and c masses, the B+ and D+ meson
masses are [42]: m¯b(m¯b) = 4.18 ± 0.03 GeV, m¯c(m¯c) =
1.275 ± 0.025 GeV, mB+ = 5279.25 ± 0.17 MeV and
mD+ = 1869.62± 0.15 MeV. The B+ meson decay con-
stant fB+ = 214
−5
+7MeV [24]. Because there is large dis-
crepancy for the estimation of the D+ meson decay con-
stant fD+ [43–47], instead of using f
D→pi
+ (0) as a criteria,
we adopt the combined value of fD+f
D→pi
+ (0) to constrain
the pion DA. The pion decay constant fpi0 is set to be
fpi+ [48], which is 130.41± 0.03± 0.20 MeV [42]. As for
the effective threshold and Borel variables, we take them
to be same as those of Ref.[35].
Experimentally, from the processes B+/D+ → pi0l+νl,
it has been shown that the multiplication of the form
factor and the corresponding CKM matrix element by
the BABAR [49] and CLEO [50] collaborations are,
fB→pi+ (0)|Vub| = (9.4± 0.3± 0.3)× 10−4 (16)
and
fD→pi+ (0)|Vcd| = 0.146± 0.007± 0.002. (17)
From a simultaneous fit to the experimental partial
rates and lattice points on the exclusive process B → pilν
versus q2, the CKM matrix element |Vub| is derived as
(3.23±0.31)×10−3 [38]. As a combination, we can obtain
the experimental value for fB→pi+ (0):
fB→pi+ (0) = 0.291
+0.010
−0.009. (18)
Comparing this value with the estimated one from the
LCSR (15), as indicated by Fig.(2), we obtain the first
reasonable region for the parameter B:
B(B→pilν) = [0.01, 0.42], (19)
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FIG. 2: The value of fB→pi+ (0) versus the DA parameter B.
The solid, dashed and doted lines stand for central, upper and
lower values obtained from the LCSR (15) with the leading-
twist DA model (8). The lighter shaded band indicates the
experimental band (18). The thicker shaded band is the result
of Ref.[39].
where all the input parameters are varied within their
reasonable regions listed above. Our present value for
B is different from that of Ref.[35], which is because we
have adopted a different MS b-quark mass. Fig.(2) gives
the value of fB→pi+ (0) versus the parameter B. Where
the lighter shaded band indicates the experimental value
(18), the solid, dashed and doted lines stand for the cen-
tral, upper and lower ones calculated by the LCSR (15),
and the thicker shaded band is the result of Ref.[39].
0 0.05 0.1 0.15 0.2 0.25
0.09
0.1
0.11
0.12
0.13
0.14
0.15
0.16
0.17
B
f D
f +D
→
pi
(0)
(G
eV
)
FIG. 3: The value of fD+f
D→pi
+ (0) versus the parameter B.
The solid, dashed and doted lines stand for central, upper and
lower values calculated by the LCSR (15) (with parameter
changes for the D-meson case). The shaded band indicates
the experimental value (21) of fD+f
D→pi
+ (0).
For the D meson case, whose lifetime is 1040±7fs [51],
we can adopt the measurement of B(D+ → µ+ν). Then
using the formulae
Γ(D+ → l+ν) = C
2
F
8pi
f2D+m
2
lmD+
(
1− m
2
l
m2D+
)2
|Vcd|2,
where ml is the mass of the lepton, we can inversely ob-
tain
fD+ |Vcd| = 46.4± 2.0 MeV. (20)
Furthermore, using the PDG value for |Vcd| = 0.230 ±
0.011 [42], together with Eqs.(17,20), we can obtain an
experimental constrain for the multiplication of fD+ with
fD→pi+ (0), i.e.,
fD+f
D→pi
+ (0) = 0.128± 0.012 GeV. (21)
Combining this experimental values (21) of fD+f
D→pi
+ (0)
with the theoretical one calculated by sum rules (15), as
shown by Fig.(3), we obtain the second reasonable region
for the parameter B:
B(D→pilν) = [0.00, 0.14]. (22)
Fig.(3) gives the value of fD+f
D→pi
+ (0) versus the param-
eter B, where the shaded band indicates the experimen-
tal values (21), the solid, the dashed and the doted lines
stand for the central, upper and lower edge of the the-
oretical values calculated by the LCSR (15) with slight
parameter changes to agree with the D-meson case. Here
we have implicitly set the value of B to be bigger than 0,
which is reasonable, since as shown in Fig.(1), by varying
B ∈ [0, 0.6] the DA can mimic all of its known behaviors
suggested in the literature.
As a final remark, the D-meson mass may be not large
enough, the energy scale is about 1.5 GeV, thus, the reli-
ability of the LCSR for the form factor fD→pi+ may be less
reliable than the B-meson case. So we give two schemes
for setting the region of parameter B:
• Scheme A: If we believe the LCSR has the same
importance as that of B → pilν, then the range of
B is
B = [0.01, 0.14]. (23)
• Scheme B: If only the LCSR for B → pilν is accept-
able, we have a broader region as shown in Eq.(19).
IV. DISCUSSION
If the parameter B is determined, the shape of the
pion leading-twist DA can be fixed. Under the scheme
A, the second and fourth moments of the pion twist-2
DA can be calculated as a2(1GeV) = [0.039, 0.184] and
a4(1GeV) = [−0.027,−0.028]. Under the scheme B, the
first two moments changes to a2(1GeV) = [0.039, 0.495]
and a4(1GeV) = [−0.027,−0.004]. We present our DA
model with different values of B at µ = 1 GeV in Fig.(4),
where the thin-solid line, the dashed line, the dotted line,
the dash-dotted line and the thick-solid line are for B =
0.01, 0.14, 0.2, 0.3 and 0.42, respectively.
As two applications, we apply our pion leading-twist
DA to deal with the pion-photon TFF Fpiγ(Q
2) and the
branching ratio of the B-meson exclusive decay B0 →
pi0pi0.
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FIG. 4: The pion leading-twist DA versus the parameter B
at µ = 1 GeV, where the thin-solid, the dashed, the dotted,
the dash-dotted and the thick-solid lines are B = 0.01, 0.14,
0.2, 0.3 and 0.42, respectively.
A. The pion-photon TFF Fpiγ(Q
2)
As a first application, we revisit the pion-photon TFF.
The pion-photon TFF provides the simplest example for
the perturbative analysis to exclusive process, which has
aroused people’s great interest since it was first analyzed
by Lepage and Brodsky [5]. Later on, to explain the ab-
normal large Q2 behavior observed by the BABAR Col-
laboration in 2009 [17], many works have been done, e.g.
by the perturbative QCD approach [12, 13, 52, 53] or by
the LCSR approach [54–56]. However, last year, the Belle
Collaboration released their new analysis [18], which dra-
matically different from those reported by BABAR Col-
laboration, but likely to agree with the asymptotic be-
havior estimated by Ref.[5]. Many attempts have been
tried to clarify the situation [14, 39, 57–60].
Following the idea suggested by Ref.[61], we have stud-
ied the pion-photon TFF with the pQCD approach by
carefully dealing with the transverse momentum cor-
rrections [1, 12–14]. Generally, the pion-photon TFF
Fpiγ(Q
2) can be written as a sum of the valence quart
part F
(V )
piγ (Q2) and the non-valence quark part FNVpiγ (Q
2):
Fpiγ(Q
2) = F (V )piγ (Q
2) + F (NV )piγ (Q
2). (24)
The valence quark part F
(V )
piγ (Q2) indicates the pQCD
calculable leading Fock-state contribution, e.g., the di-
rect annihilation of the valence qq¯ pair into two pho-
tons, which dominates the TFF when Q2 is large. The
non-valence quark part F
(NV )
piγ (Q2) is related to the non-
perturbative higher Fork-states contributions, which can
be estimated via a proper phenomenological model. The
analytic expressions for F
(V )
piγ (Q2) and FNVpiγ (Q
2) can be
found in Ref.[12].
Taking all of the input parameters to be same as those
in Ref.[12], but with our present DA model with B ∈
[0.01, 0.14], we draw the pion-photon TFF Fpiγ(Q
2) in
Fig.(5). The upper and lower borderlines correspond to
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FIG. 5: Q2Fpiγ(Q
2) with our WF model (4,7) by varying the
model parameter B within the region [0.01, 0.14]. The shaded
band is our theoretical estimation.
B = 0.01 and 0.14 respectively. It shows that in the
small Q2 region, Q2 <∼ 15 GeV 2, the pion-photon TFF
can explain the CELLO [15], CLEO [16], BABAR [17]
and Belle [18] experimental data simultaneously. While
for the large Q2 region, our present estimation favors the
Belle data and disfavors the BABAR data. This result
is in agreement with the conclusion of Refs.[58, 60]. If
taking B ∈ [0.01, 0.42], the calculated curve for the pion-
photon TFF with the upper limit of the parameter (B =
0.42) will be between the Belle and BABAR data.
B. The B-meson exclusive decay B0 → pi0pi0
As a second application, we discuss with the process
B0 → pi0pi0, which has been calculated within the pQCD
approach [62–67]. At present, we adopt the same calcu-
lation technology as described in Refs.[64–67] to do our
calculation. The corresponding decay width can be writ-
ten as:
Γ(B0 → pi0pi0) = C
2
FM
2
B
128pi
∣∣V ∗ubVudMTa ∣∣2
× [1 + z2 + 2z cos(δ − γ)] , (25)
where Vub ≃ |Vub| e−iγ , z = |V ∗tbVtd/V ∗ubVud|
∣∣MPa /MTa ∣∣, δ
is the relative strong phase between tree diagrams (MTa )
and penguin diagrams (MPa ), γ is the CKM phase an-
gle. The specific corresponding formulas can be found in
Ref.[67].
In doing the numerical calculation, we adopt the same
B-meson DA and pion twist-3 DAs used in Refs.[67], but
with our present pion leading-twist DA. The result is
shown in Fig.(6), where we vary the parameter B within
the region of [0.01, 0.42], and the shaded band indicates
the uncertainty from the dominant uncertainty sources
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FIG. 6: The branching ratio B(B0 → pi0pi0) for the exclusive
process B0 → pi0pi0 versus the parameter B. The red solid
line indicates the central value of B(B0 → pi0pi0), and the
shaded band stands for the uncertainty from the dominant
uncertainty sources such as m0, γ, |Vub| and fB .
such as m0 = 1.6 ± 0.2GeV [68], γ = 68◦+10
◦
−11◦ [42],
|Vub| and fB. Other parameters are taken as their
central values listed in Particle Data Group [42], e.g.
|Vtd| = 0.00867, |Vtb| = 0.999146, |Vud| = 0.97427,
mB0 = 5279.58MeV, mpi0 = 134.9766MeV, due to their
uncertainties are comparatively much small. Moreover,
we take Λf=4QCD = 0.25GeV as in Ref.[67]. The branch-
ing ratio B(B0 → pi0pi0) increases with increment of the
parameter B, i.e. the value of B(B0 → pi0pi0) is increas-
ing and is closing to the experimental data for a larger
B. This agrees with the behavior of the pion leading-
twist DA shown in Fig.(4). Fig.(4) shows that the pion
leading-twist DA in the region closing to the endpoint
becomes larger when the parameter B is bigger, and cor-
respondingly the obtained branching ratio B(B0 → pi0pi0)
becomes larger. This situation do not imply that there
is endpoint singularity for our modal DA. For the twist-
three contributions, because of the inclusion of the kT -
dependent terms [64, 69], our calculation also has no end-
point singularity.
Our present estimation, B(B0 → pi0pi0) ∼ [0.35, 1.47]×
10−7, is much smaller than the experimental data (1.62±
0.31) × 10−6 [42], the reason lies in that I) We only
take the LO contribution into consideration. At present,
we mostly care about the influence from the twist-2 DA
model parameter B, and do not expect to solve the puz-
zle that there is tremendous difference between the ex-
perimental data and the theoretical estimation; II) As
indicated by Refs.[70–73], there may have some impor-
tant factors need to be considered in the calculation, such
as the next-to-order correction may be big or there may
have large non-perturbative contributions, even unknown
mechanism may exist, which is beyond the scope of the
present paper.
V. SUMMARY
In the present paper, based on the revised LC har-
monic oscillator model for the pion leading-twist DA, we
have made a combined analysis of the pion DA by us-
ing the channels pi0 → γγ, pi → µν¯, the semi-leptonic
decays B → pilν and D → pilν in comparison with the
experimental data. Based on the constraints from these
processes, typical parameters for the pion leading-twist
DA are presented in Table II.
In addition to the two constraints (9,10), by using the
constraint from the process B → pilν, the parameter B is
restricted in [0.01, 0.42]. If taking the processD → pilν as
a further constrain, we can obtain a more narrow region
B = [0.00, 0.14]. Using the pion leading-twist DA model,
we recalculate the branching ratio B(B0 → pi0pi0) and the
pion-photon TFF. The branching ratio B(B0 → pi0pi0)
increases with increment of the parameter B. For the
pion-photon TFF, our present result with the parameter
B = [0.01, 0.14] favors the Belle data and the correspond-
ing pion DA has the slight difference from the asymptotic
form. Then, one can predict the behavior of the pion-
photon TFF in high Q2 regions which can be tested in
the future experiments. It is expected that BABAR and
Belle can obtain more accurate and consistent data in the
future, then the behavior of the pion DA can be further
determined completely. On the other hand, we can adopt
more pionic processes, such as the pion electromagnetic
form factor, to make a further constrain to the pion DA,
which is in progress. It is believed that the pion DA will
be determined by the global fit to the exclusive processes
involving the pion in the coming future.
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